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ON THE ESSENTIAL (p)-DIMENSION OF PARABOLIC
BUNDLES ON CURVES
AJNEET DHILLON AND DINESH VALLURI
Abstract. We study the essential dimension and essential p-dimension of
the moduli stack of vector bundles over a smooth orbifold curve containing a
rational point. We improve the known bounds on this essential dimension and
obtain an equality modulo the famous conjecture of Colliot-Thelene, Karpenko
and Merkurjev. In the case of essential p-dimension we obtain an equality.
1. Introduction
Roughly the essential dimension of a family of algebraic objects is the number of
parameters needed to parameterise a generic family of such objects. This heuristic
definition points to its central role it plays in moduli problems. A precise definition
can be obtained by observing that there are two ways of defining the dimension
of an algebraic variety. Firstly, there is the Krull dimension and secondly one can
define dimension as transcendence degree of the function field over the base field.
By, lifting the second definition to the category of algebraic stacks one arrives at
the precise notion of essential dimension. This intriguing invariant is difficult to
compute. There is a variation known as the essential p-dimension, which is roughly
the essential dimension ignoring prime to p information, that is easier to compute.
We will recall both of these definitions in section 4 below, see also [17] and [15].
The purpose of this paper is to study these invariants for the moduli of stack
vector bundles on an orbifold curve, with coarse moduli of genus at least two.
We extend the results of [5] in two ways. Firstly, we extend them to essential p-
dimension. This has the virtue of being able to state and prove an equality that
is not conjectural, see 6.3. Secondly we consider smooth projective curves with an
orbitfold structure, i.e. certain kinds of root stacks. The problem is divided into
two pieces as in [5]. Given a vector bundle E on an orbifold curve, it corresponds to
a point of a moduli stack of vector bundles. Hence there is a corresponding residual
gerbe G(E) with coarse moduli space k(E), the field of moduli of E. The essential
dimension of E breaks down into two component pieces. That of understanding
the essential dimension of the residual gerbe over the field of moduli and then
understanding the transcendence degree of the field of moduli over the base field.
The second of these two steps is carried out in section five. Roughly amounts to
understanding the tangent space to the automorphism group of a parabolic bundle.
We present a new approach to this, different to that in[5], using deformation theory
and filtered derived categories. This approach is useful in that it has potential to
generalise to principal bundles over groups other than the general linear group.
2000 Mathematics Subject Classification. 14D23, 14D20.
Key words and phrases. Essential dimension, parabolic vector bundle, curve.
1
2 A. DHILLON AND D. VALLURI
The results of this paper are confined to dimension one, due to the fact that the
dimensions of the stacks that we consider can be computed via Euler characteristics.
This is no longer the case in higher dimension. As we are considering orbifold curves
Toen’s extension of Riemann-Roch to Deligne- Mumford, see [19], stacks plays a
pivotal role. We recall this theorem in section 3.
The essential dimension of vector bundle on an orbifold curve was first considered
in [4]. The results of this paper give a vast improvement over the results in [4]. For
example, let’s consider a smooth projective curve X with a single orbifold point
x ∈ X point with orbifold structure Z/nZ. Vector bundles on this curve acquire an
action of the group Z/nZ over the orbifold point. Hence by ordering the eigenvalues
of the action we obtain a filtration of the orbifold point, that is a parabolic bundle.
Let ni be the dimensions of these vector spaces in this filtration so that n0 = r the
rank of the vector bundle being considered. Suppose that the vector bundle has
degree d and set h = gcd(ni, r, d). Let Bun
r,d
n
be the moduli stack of vector bundles
with prescribed data where n = (n0 ≥ n1 ≥ . . . ≥ ne). In this paper we show that
ed(Bunr,d
n
) ≤ r2(g − 1) + 1 + Flag
n
+
∑
p|h
(pvp(h) − 1).
The last sum is over primes dividing h. The bound in [4] is more difficult to describe,
but roughly it is of the form
ed(Bunr,d
n
) ≤ r2(g − 1) + 1 + Flag
n
+F (r).
where the function F (r) is quadratic in the rank r, see [4, 12.1] for details.
In section 2 of the paper we start by recalling the parabolic-orbifold correspon-
dence. This is an equivalence of categories between vector bundles on a root stack
and vector bundles with filtration on its coarse moduli space. The third section
is an overview of Riemann-Roch for orbifolds. We perform some calculations that
will be useful later. In section 4 we recall essential dimension and its variant es-
sential p-dimension. We recall the conjecture in [10] and state its p-analogue, see
4.1. Some results from [5] are recalled and extended to essential p-dimension and
orbifolds. The fifth section studies the field of moduli of a parabolic bundle. We
use deformation theory methods to understand and bound the transcendence de-
gree of the field of moduli. This is in contrast to the global methods in [5]. As
stated earlier, this may prove to be useful as these local calculations are more apt
to generalisation to other groups. The final section, section six, states and proves
our main result 6.3.
Acknowledgements
The first named author would like to thank Kirill Zainoulline for suggesting that
we consider essential p-dimension.
2. The parabolic-orbifold correspondence
Let X be a scheme and L a line bundle on X with section s ∈ H0(X,L). If e is
a positive integer, we may form the root stack
q : XL,s,e → X,
see [6]. A lift of an S-point, f : S → X to the root stack amounts to a line bundle
with section (M, t) on S and an isomorphism α : M⊗e → f∗L sending te to s. The
automorphisms are the obvious ones. It follows that there is a universal root line
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bundle N on XL,s,e whose eth power is the pullback of L. We will refer to e as the
ramification index of the construction.
On the other hand the data (L, t) and e determine a notion of parabolic vector
bundle on X . This is a vector bundle E together with a filtration
E0 = E ⊇ E1 ⊇ . . . ⊇ Ee
and an isomorphism E⊗ L−1 ∼= Ee such that the composition
E⊗ L−1 ∼= Ee →֒ E0 ∼= E⊗ O
arises from the section. There is a corresponding category Par(L, s, e) of parabolic
vector bundles. We refer the reader to [6] for details.
Theorem 2.1. Let X be a noetherian scheme. There is an equivalence of categories
Par(L, s, e) ∼= Vect(XL,s,e)
Proof. See [6, 3.13]. Let us remark here that the parabolic bundle associated to a
vector bundle E on X is obtained by considering the sheaves q∗(E⊗Ni). 
Remark 2.2. The root stack admits a nice local description which explains the
above correspondence quickly. Suppose that X = Spec(R) is affine and L is trivial.
Then s ∈ R. The scheme
R[X ]/ < Xe − s >
has an action of the group scheme µe. The quotient stack is the root stack. The
correspondence comes from the fact that µe-equivariant objects are just graded
objects. For details see [8].
The root stack construction is easily seen to be functorial in the following sense,
given f : Y → X then the root stack Yf∗L,e is the 2-pullback of XL,e along the
morphism f : Y → X . In other words, there is a 2-cartesian diagram
Yf∗sL,e XL,e
Y X
g
q′ q
f
Proposition 2.3. In the above situation, suppose that Y → X is flat. Suppose
that F is a vector bundle on XL,e with corresponding parabolic vector bundle F0 ⊇
F1 . . . ⊇ Fe. Then the parabolic vector bundle corresponding to g∗F is f∗F0 ⊇
f∗F1 ⊇ . . . ⊇ f
∗Fe.
Proof. Recall that vector bundle Fi = q∗(F ⊗ N
i) so that this result amounts to
essentially flat base change. To make this precise, the root stack is locally on X a
µe quotient stack, [6, 3.4]. The result now follows from flat base change and the
fact that the push forward q∗ amounts to taking µe-invariants of an equivariant
sheaf. 
Now assume X is a projective variety over our ground field k. We fix Cartier
divisors D1, D2, . . . , Dl and positive integers e1, e2, . . . , el coprime to char(k). We
let
X = X(D1,e1),...,(Dl,el)
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be the corresponding root stack construction. Corresponding to this there are root
line bundles (see [8]) written Ni on the root stack X. We write q : X→ Spec(k) for
the structure map.
Lemma 2.4. . The morphism q∗ is exact where q is the coarse moduli map q :
X→ X.
Proof. This follows from the local description of the root stack see 2.2. Note that
the stack is tame. 
Corollary 2.5. The derived functor Rq∗ preserves the amplitude of a bounded
complex.
Theorem 2.6. The stack of coherent sheaves on X, written CohX is algebraic.
Proof. The standard proof in [13] can be made to work when combined with the
following observations. Let F be a coherent sheaf on X. We can find integers nij
and vector spaces Hij so that we have epimorphisms
OX(−nij)⊗Hij ։ π∗(F ⊗N
j
i )
where 0 ≤ j ≤ ei. By adjointness we obtain a morphism
N
−j
i OX(−nij)⊗Hij → F.
Taking a direct sum of these maps we obtain an epimorphism, this follows form the
local description, see 2.2 or [7]. Further we can arrange for the appropriate higher
cohomology to vanish using Serre vanishing. The needed presentation comes from
considering open subsets of Quot schemes.
For the existence of quot scheme in the current setting, see [18]. 
We will be interested in the case where X is a smooth projective curve over
a field k. In this case a closed point p ∈ X determines a Cartier divisor. The
corresponding notion of parabolic vector bundle amounts to vector bundle E on
X and a k(p)-point of a flag variety Flag(E|k(p), n1, n2, . . . , ne−1) parameterising
subspaces
Ek(p) ⊇ V1 ⊇ . . . ⊇ Ve−1
with dimk(p) Vi = ni. If E, thought of as a vector bundle on the root stack via the
previous theorem, is allowed to vary in a flat family the numbers ni along with
r = rk(E) and d = deg(E) do not change. We will refer to the collection
(r, d, (p, n1, n2, . . . , ne−1))
as a parabolic datum. It will be convenient to set n0 = rk(E) and ne = 0.
We will have occasion to consider many such points p1, . . . , pl with ramification
indices ei and integers
(n0i = rk(E), n1i ≥ n2i ≥ . . . ≥ neii = 0) = ni.
A moduli stack of parabolic bundles, denoted
Bunr,d
n,X
is obtained, here n = (n1, . . . ,nl). As the forgetful morphism
Bunr,d
n,X → Bun
r,d
is represented by Weil restrictions of flag varieties, we obatin an alternate proof
that the stack is algebraic.
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Remark 2.7. There is an internal hom object in the category of parabolic vector
bundles. Indeed there is one in the category of vector bundles on the root stack,
hence the assertion follows from the correspondence 2.1. We would like to describe
the parabolic datum associated to the endomorphism bundle as this will be used
later. Let F be a parabolic bundle with datum (n0, n1, . . . ne−1) at the Cartier
divisor D. Then Hom(F,F) has datum (m0,m1, . . . ,me−1) where
md =
∑
d≤λ<e
λ=i−j mod e
(ni − ni+1)(nj − nj+1).
This can be seen by looking at the µe-action on a module of the form M ⊗M∨ in
the local description, 2.2 and observing that ni−ni+1 is the dimension of the space
where the action has weight ζi for some primitive eth root of unity ζ.
3. Riemann-Roch on Deligne-Mumford stacks
We assume that X is a tame Deligne-Mumford stack and k contains the roots of
unity throughout this section.
Let’s start by recalling Toen’s Riemann-Roch theorem for smooth, proper, tame
Deligne-Mumford stacks.
Theorem 3.1. Let X be a Deligne-Mumford stack, tame and proper over Spec(k)
with a projective coarse moduli space. If F is a vector bundle on X then
χ(X,F) =
∫ rep
X
tdrep(X) chrep(F).
Proof. See [20, §3] and [19] for a proof and the definition of the relevant terms. A
summary can also be found in [6]. 
If X is a smooth projective curve and pi are closed points on X then the root
stack
X = X((p1,e1),...(pm,em))
satisfies the hypothesis of the theorem when ei are coprime to the characteristic
of the ground field. We would like to give a more explicit description of the right
hand side of the theorem in this instance. So let F be a vector bundle on X with
datum
(ni0, ni1, . . . , niei).
We are interested in a formula for the Euler characteristic, χ(F). By base change
we may assume that the ground field is algebraically closed, k = k¯. See 3.3, below.
The characteristic classes present in Toen’s theorem live inside some bigraded
cohomology theory H∗(X, ∗) see [20, §3]. Toen defines the cohomology in represen-
tations of X to be
H∗rep(X, ∗) := H
∗(IX, ∗)
where IX is the inertia stack of X.
In our particular case, the inertia stack can be written as
IX = X
m⊔
i=1
BZ/Zei.
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Consequently, we have
H0rep(X, 0)
∼= H0(X, 0)
m⊕
i=1
K(Z/Zei)
and
H1rep(X, 1)
∼= H1(X, 1).
The Chern character with coefficients in representations is given by
chrep : K0(X)
φX−−→ Krep0 (X)
ch
−→ H∗rep(X, ∗),
the reader is referred to [19] or [6] for a description of φX. Recall K
rep
0 (X) :=
K0(IX). Since IX = X
m⊔
i=1
B(Z/ei), we have
Krep0 (X) = K0(X)
m⊕
i=1
K0(B(Z/ei))
The Chern character of F in the cohomology in representations is given by
chrep(F) = (ch(F), V1, . . . , Vl)
where ch(F) is the Chern character in the ordinary cohomology H∗(X,F) and Vi
are the Z/ei-representation over k induced by F at xi. Since Z/ei is diagonalizable,
each Vi splits into characters. So we may write
Vi =
ei−1⊕
d=0
(χdi )
nid−ni,d+1
Where χdi : Z/ei → k is given by 1 7→ ζ
d
i and (n0i, n1i, . . . , nei−1i) is the parabolic
datum of F at the point pi and we define nei = 0.
The Todd class in the cohomology in representations is given by
tdrep(X) = (td(TX), (td1, . . . , tdl))
Where tdi : Z/ei → k are the characters given by 1 7→
1
1−ζi
, where ζi are the
ei-th roots of unity.
Combining these calculations we obtain :
chrep(F) tdrep(X) = (ch(F) td(TX), [V1] td1, . . . , [Vl] tdl)
Hence we get
∫ rep
X
chrep(F) tdrep(X) =
∫
X
ch(F) td(TX)+
m∑
i=1
(
ri−1∑
d=0
∫
B(Z/ei)
([χdi ])
nid−ni,d+1)([tdi]).
The push-forward pi∗ : H
∗(B(Z/ei))→ H∗(Spec(k)) of the class [χdi ][Tdi] is the
average of their image as characters 1ei
∑ei−1
a=0
ζadi
1−ζa
i
.
On the other hand, we have the usual formulas for the Chern character and Todd
class ch(F) = rk(F) + c1(F) and td(TX) = 1 +
1
2c1(TX). Hence we get∫
X
ch(F) td(TX) =
rk(F)
2
∫
X
c1(TX) +
∫
X
c1(F).
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and
∫ rep
X
chrep(F) tdrep(X) =
rk(F)
2
∫
X
c1(TX) +
∫
X
c1(F) +
l∑
i=1
1
ei
ei−1∑
d=0
ei−1∑
a=0
(nid − ni,d+1)ζadi
1− ζai
Furthermore, we have the following formulae:
1
2
∫
X
c1(TX) = (1 − g) + Σi
ri − 1
2ri
ri−1∑
a=0
ζadi
1− ζai
= −
ri − 1
2
− d
ri−1∑
a=0
ζadi + 1
1− ζai
= −d
Theorem 3.2. In the above situation we have
χ(F) = deg(F) + (1− g) rk(F) −
∑
i
ei−1∑
d=0
d(nid − ni,d+1)
ei
.
In this formula deg(F) is the degree of the ordinary vector bundle underlying the
parabolic vector bundle corresponding to F.
Proof. The is a combination of the calculations above. 
Corollary 3.3. Suppose that k is not algebraically closed and the pi are closed
points of X. Then
χ(F) = deg(F) + (1 − g) rk(F)−
∑
i
deg(pi)
ei−1∑
d=0
d(nid − ni,d+1)
ei
.
Proof. One can base change to an algebraically closed field. Note that in the
diagram
Xk¯ X
Xk¯ X
p¯i
g
pi
f
the functors f∗, g∗, π∗, π¯∗ are all exact so that flat base change applies, see 2.3. 
Let F be a parabolic vector bundle on X with parabolic datum as specified earlier
given by
ni = (ni0 = rk(F) ≥ ni1 ≥ . . . ≥ niei = 0).
at the points pi as previously specified.
Recall that in (2.7) we described the parabolic datum on Hom(F,F). Lets write
down the Euler characteristic of this bundle under the hypothesis k¯ = k. To
simplify the statement it will be helpful to introduce the notation Flag
ni
(V ) for
the flag variety parameterising sequences of subspaces
V0 ⊇ V1 ⊇ . . . Vei = 0
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of a fixed vector space V with dimV = dimV0 = rk(F) such that dimVi = ni.
Proposition 3.4. In the above setting, in particular k = k¯, we have
χ(Hom(F,F)) = (1− g) rk(F)2 −
l∑
i=1
dimFlag
ni
(F|pi ).
Proof. We have deg(Hom(F,F)) = 0 by the usual properties of chern classes and
rk(Hom(F,F)) = rk(F)2. To simplify notation we may assume that F is ramified
only at a single point p with parabolic data n, the general result follows by an easy
induction. By 2.7 and 3.3 it is enough to prove that
e−1∑
d=0
d(md −md+1)
e
= dimFlag
n
(rk(F|p)),
where md is defined in remark 2.7. To simplify notation, we write δi = ni − ni+1.
We get
e−1∑
d=0
d(md −md+1)
e
=
1
e
e−1∑
d=1
d
∑
i−j=d
mod e
δiδj
=
1
2e
e−1∑
d=1

d ∑
i−j=d
mod e
δiδj + (e− d)
∑
i−j=−d
mod e
δiδj


=
1
2

e−1∑
d=1
∑
i−j=d
mod e
δiδj


=
1
2
∑
i6=j
δiδj
=
∑
0≤i<j≤e−1
(ni − ni+1)(nj − nj+1)
The dimension of the flag variety is
dimFlag
n
(rk(F|p)) =
e−1∑
i=1
ni(ni−1 − ni).
One checks that these two formulas agree, recall ne = 0. 
If E1 and E2 are coherent sheaves over XK , for a field K ⊃ k, we denote
χ(E2,E1) := dimK Hom(E2,E1)− dimK Ext(E2,E1)
.
When E1 and E2 are vector bundles, χ(E2,E1) coincides with χ(Hom(E2,E1)).
Remark 3.5. Recall, 2.2, that locally that the root stack is a quotient of R[X ]/ <
Xe−s > by µe. The ring R[X ]/ < Xe−s > is Z/e-graded. An equivariant module
over this module amounts to a graded module.
In our present situation of a root stack over a smooth curve, we see that a
coherent sheaf E over XK can be written as a direct sum F ⊕ T, where F is a
vector bundle and T a torsion sheaf supported at finitely many points. We say
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that n is the parabolic datum of E if n is the parabolic datum of F, in particular
rk(E|p) := rk(F|p) for a point p in XK .
Lemma 3.6. With the notation in 3.5, we have χ(F,T) = −χ(T,F) and χ(T,T) =
0.
Proof. The question is local on the base so we may assume that our curve is Spec(R)
where R is a DVR. Let t be a uniformizing parameter of R. For modules over a
DVR the result is true by elementary calculations. The result for the root stack
follows from the previous remark by passage to graded modules. 
Lemma 3.7. For a coherent sheaf E over XK,
χ(E,E) = (1− g)r2 −
l∑
i=1
dimFlag
ni
(E|pi )
Proof. From 3.5 it follows that χ(E,E) = χ(F,F) + χ(F,T) + χ(T,F) + χ(T,T).
Now the lemma follows from 3.4 and 3.6. 
4. Essential dimension
Let Fields/k be the category of field extensions of k. Consider a functor
F : Fields→ Sets.
Given a field extension L/k and x ∈ F (L) we say that a subextension K ⊆ L is a
field of defintion of x, and write x K if there is an x′ ∈ F (K) with F (i)(x′) = x
where i : K →֒ L. We define the essential dimension of x by
edx = inf
x K
trdegkK,
where the infimum is over all possible fields of definition. The essential dimension
of F is defined to be
edF = sup
x∈F (L)
L∈Fieldsk
edx
Let p be a prime number. We will consider the following variation obtained by
throwing away prime to p data, see [15]. In the above situtation, we say that K is
a p-field of definition of x and write x p K if there are inclusions in Fields/k
K K ′
L
with K ′/L a finite extension of degree prime to p and x′ ∈ F (K) so that x′ and x
have the same image in F (K ′). The essential p-dimension of x is then defined by
edp x = inf
x pK
trdegkK,
where the infimum is over all possible p-fields of definition. Finally, the essential
p-dimension of F is defined to be
edp F = sup
x∈F (L)
L∈Fieldsk
edp x
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An algebraic stack produces such a functor F by considering isomorphism classes
of objects, the essential dimension of which we refer to as the essential dimension
of the stack.
Example 4.1. Consider a Gm-gerbe G over a field k of index n = p
a1
1 . . . p
aα
α with pi
prime. Then we have
edG ≤
α∑
i=1
(paii − 1),
and this is conjecturally an equality. It is known to be an equality when α = 1 or
n = 6. See [10], [15] and [12]. The situation for the essential p-dimension is simpler,
edp G = vp(indG)− 1.
This is easily reduced to the previous case by remarking that prime to p-torsion in
the Brauer group can be removed by passing to a prime to p extension.
In this article we will be concerned with the essential (p-) dimension of Bunr,d
n,X
where X is a smooth projective curve and the parabolic points are closed points.
We will recall some theorems from [5] that will be useful in our context.
For now, lets work in a slightly general context. Let X be a projective scheme
and choose a collection D1, D2, . . .Dl of effective Cartier divisors and some positive
integers e1, . . . , el and form the corresponding root stack q : X→ X .
Consider a vector bundle F on the root stack defined over some field l containing
k. Let G(F) be the residual gerbe in Bunr,d
X
of a parabolic bundles F. The coarse
moduli space of this gerbe, is called the field of moduli of F and is denoted k(F).
There is a finite extension L/k(F) so that G(L) 6= ∅, so we may find a parabolic
vector bundle F′ that is a form of F that is defined over L. Following [5], we consider
A := End(p∗F
′)
where p : XL → Xk(F) is the projection. This is just the algebra of the ordinary
vector bundle underlying F which preserves the parabolic structure.
One of the main results (stated for projective schemes) of [5] is:
Theorem 4.2. In the above situation, consider a field extension K ⊇ k(F). Set
d = [L : k(F)]. There is an equivalence of categories between the category of
projective A⊗k(F) K-modules of rank 1/d and the groupoid G(F)K .
Proof. As stated above, this is [5, 5.3], and we assert that the proof goes through
in our more general context of root stacks. We describe here quickly the functors
in each direction. To produce a module from a point of G(F )K , say E consider the
module
M = Hom(p∗(F) ⊗K,E).
To see that M is projective of the correct rank, consider a field L containing l and
K, so that after base change to L, E and F are isomorphic. Observe that
M ⊗K L ∼= Hom(p∗(F) ⊗K,E)⊗K L
∼= p∗Hom(p∗(F) ⊗K,E)⊗K L
∼= pL,∗Hom(p∗(F)⊗ L,E⊗ L)
∼= Hom(p∗(F) ⊗ L,F ⊗ L),
using 2.3. It follows that M is projective of the correct rank.
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In the opposite direction, given a module M over AL, one considers the sheaf
π∗FL ⊗AL M.
As per the argument in [5, 5.3] these functors give the required equivalence. 
Armed with this result, we are reduced to studying the essential dimension of
the functor of projective modules over a finite dimensional algebra. We recall here
some pertinent definitions and results from [5]. All proofs and further details can
be found there. We fix for now a finite dimensional (noncommutative) k-algebra
A. Let j(A) be its Jacobson radical. Given a nonnegative rational number r, we
denote by ModA,r the category of projective modules over A of rank r. Recall that
r is defined by dr = m where P is a projective module with P d = Am. The functor
ModA,r : Fieldsk → Sets
that sends a field to isomorphism classes of projective A⊗k K-modules of rank r,
is a determination functor, that is
ModA,r =
{
{∗} a singleton
∅.
Proposition 4.3. (1) If n is a nilpotent two-sided ideal of A. Then ModA,r =
ModA/n,r.
(2) If A ∼= B1 ×B2 then
ModB1,r ×ModB2,r ∼= ModA,r .
(3) For coprime integers n and d we have
ModA,1//d ∼= ModA,n/d .
Proof. See [5]. 
Proposition 4.4. Let l/k be a prime to p extension. Consider the functors
ModA,r : Fields/k → Sets
ModAl,r : Fields/l→ Sets.
The edp(ModA,r) = edp(ModAl,r).
Proof. The inequality edp(ModA,r) ≥ edp(ModAl,r) is clear. TakeM ∈ ModA,r(L).
If
K K ′
L
is a p-field of definition for M then
lK lK ′
lL
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is a p-field of definition for M ⊗L lL where lL is the compositum. Further,
trdegl lK = trdegkK.

Proposition 4.5. Fix a prime p. Let E be an indecomposable vector bundle on XK
and suppose X has a k-point. Then
dimk End(E)/j(E)) ≤ rk(E) and vp(dimk End(E)/j(E)) ≤ vp(rk(E)),
where j(E) is the Jacobson radical of End(E).
Proof. This is [5, Lemma 4.2] in the first case. In the second case, it suffice to
observe that End(E)/j(End(E) is a division ring and the fiber over the rational
point is a module over it. 
Proposition 4.6. Suppose that E is vector bundle on X of rank r. Then
edk(E)(E) ≤ r − 1 edk(E),p(E) ≤ vp(r) − 1
Proof. The first assertion is proved in [5, 5.5] so we concentrate on the second. By
the arguments in loc. cit. we can assume that K/k(E) is a finite extension of degree
d. We write π : XK → Xk(E) for the projection. As in loc. cit. we can decompose
π∗E ∼=
⊕
i
E
ni
i
where Ei is indecomposable and End(Ei)/j(Ei) ∼= Di for some division ring. Further
we have a decomposition
End(π∗E)/j(E) ∼=
∏
i
Matni×ni(Di).
Each of the division rings have a primary decomposition in the Brauer group.
For q a prime, we write Di,q for the q-primary component. So the division ring
decomposes as
Di ∼=
⊗
i
Di,q.
Note that we have by 4.5 dimk(E)Di,q = vq(dimk(E)Di) ≤ vq(rk(Ei)), the last
inequality is by the prior proposition. We have
edp(ModEnd(pi∗E),1/d)) ≤
∑
edp(Matni×ni(Di), 1/d) by 4.3
=
∑
edp(MatDi,ni/d) by 4.3
=
∑
edp(MatDi,p,ni/d) by 4.3
<
∑ ni
d
vp(dimk(E)Di) by the above and 3.7 of loc. cit.
≤
∑ ni
d
vp(rk(Ei)) by 4.5.

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5. The field of moduli of a parabolic bundle
In this section we will consider sheaves E with a finite decreasing filtration
E = F 0E ⊆ F 1E ⊆ . . . ⊆ FnE = 0.
There is a shifted filtration given by
FnE(m) = Fn+mE.
Given a sheaf E with such a filtration we can form the associated graded sheaf that
is denoted by gr(E).
We can form a category of such filtered sheaves by considering morphism is that
preserve the filtration. This is an additive category and we may form the associ-
ated derived category. We will be interested in a full subcategory of this derived
category whose objects are bounded complexes with a finite filtration. Details of its
construction and its properties can be found in [11]. This is known as the filtered
derived category and will be denoted by Dbfilt(X). We will make use of the filtered
extension groups Extnfilt and there variants.
Let E be a filtered sheaf. We will say that E is filtered locally free if each piece of
the filtration is a coherent sheaf that is locally free. We record a few results that are
natural generalisations of standard results in the non-filtered setting to the filtered
setting pertaining to filtered locally free sheaves. We will make use of these results
later.
The following proposition records an extension of a known result to the filtered
case.
Proposition 5.1. Let E and F be filtered locally free sheaves. Then
Homfilt(E,F) ∼= E
∨ ⊗ F
and
Ext1filt(E,F)
∼= Ext1filt(Hom(F,E),O)
Proof. This first result is a standard extension of the known result to the filtered
case. It follows immediately from definitions.
The second assertion is a obtained via combining results from [11, Ch. V]. In
particular, by [11, 1.4.6],
Ext1filt(E,F) = H
1(F 0RHom(E,F)).
The result is now a corollary of the adjunction [11, Ch. V, 2.3.1.5] which implies
RHom(E ⊗ F∨,O) ∼= RHom(E,F).

Proposition 5.2. Let θ : F → E be a filtered morphism of filtered locally free
sheaves. The the following diagram commutes :
Ext1filt(Hom(F,E),O) Ext
1
filt(Hom(E,E),O)
Ext1filt(E,F) Ext
1
filt(E,E)
θ∗
∼ ∼
θ∗
Proof. This is a standard diagram chase. 
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Remark 5.3. One way of obtaining a filtered sheaf is by starting with a sheaf E
equipped with a nilpotent morphism θ. We define F iE = Im θi. With this filtration
we obtain a filtered morphism
θ : E −→ E(1).
Proposition 5.4. Let X be a smooth projective curve. Let E be a vector bundle
on X and let θ : E→ E(1) be as in the previous remark. Then the morphism
Ext1(grE≥0, grE≥0) −→ Ext1(grE≥0, grE(1)≥0)
given by θ∗ − θ∗ is surjective.
The symbol grE≥0Refers to the graded sub- object of grE consisting of graded
pieces in nonnegative degrees.
Proof. We induct on the integer n that is minimal so that θn = 0.
When n = 0 the statement is trivial as grE(1)≥0 vanishes.
Now we inducted. The induction hypothesis applies to θ|F 1(E)so we can assume
the results for it. Now the terms of Ext1(grE≥0, grE≥0) that are not terms of
Ext1(grF 1E≥0, grF 1E≥0) are of the form
Ext1(F 0(E)/F 1(E), F i(E)/F i+1(E)) i ≥ 0
and those of Ext1(grE≥0, grE(1)≥0) that are new are of the form
Ext1(F 0(E)/F 1(E), F i(E)/F i+1(E)) i ≥ 1.
We have a diagram
Ext1(F 0(E)/F 1(E), F i(E)/F i+1(E)) Ext1(F 0(E)/F 1(E), F i+1(E)/F i+2(E))
Ext1(F 1(E)/F 2(E), F i+1(E)/F i+2(E))
By induction we have chosen classes in Ext1(F 1(E)/F 2(E), F i+1(E)/F i+2(E)).
To finish the proof it suffices to observe that we have a short exact sequence
0→ kernel→ F i(E)/F i+1(E)
θ¯
→ F i+1(E)/F i+2(E)→ 0.
The result now follows from the associated long exact sequence and by observing
that we are on a curve.

In this section we preserve our notation from the start of the previous section.
In particular,
X = X(p1,e1),...,(pl,el)
is a root stack construction. Corresponding to this there are root line bundles (see
[8]) written Ni on the root stack X.
Let Niln,X denote the stack of nilpotent coherent sheaves on X defined as follows.
For a k-scheme S,
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• Objects of Niln,X(S) are pairs (E , φ) where E is a coherent sheaf on X and φ
is a nilpotent endomorphism of E . Each of the sheaves cokerφi are assumed
to be flat over S.
• A morphism between (E , φ) and (F, ψ) is an isomorphism of sheaves α :
E → F with αφ = ψα
Our goal in this section is to prove that Niln,X is a smooth stack and find its
dimension at a given K-point point (E, φ) for a field K ⊃ k. We give a proof that
is different to the one in [5]. The proof that we give is based upon deformation
theory arguments rather than the global decomposition in loc. cit.
Consider a filtered vector bundle E on X. The obstruction to deforming Eso
that E/F iE are flat over the base ring is controlled by F 0RHomfilt(E,E), see [13].
This fact is stated there without proof but the proof is a routine generalisation of
the fact that RHom(E,E) controls the deformation theory of the ordinary vector
bundle E, see for example [11].
Theorem 5.5. In the above situation the stack Niln,X is smooth.
Proof. Consider a square zero extension of local Artin k algebras
0→ I → B → A→ 0.
Suppose that (E, θ) is an Apoint of NilX,n. Recall that the pair (E, θ)produces
a filtered object E that we also denote by E . The obstruction to deforming the
filtered object lies inside
H2(F 0RHomfilt(E,E)) ⊗ I = Ext
2
filt(E,E) ⊗ I.
To see that it vanishes it suffices to show that grExt2filt(E,E) vanishes but
grExt2filt(E,E) = Ext
2
filt(grE, grE),
by [11]. This last group vanishes as dimX = 1. The obstruction to lifting the
nilpotent and morphism θ amounts to the vanishing of the class of the extension
under
θ∗ − θ
∗ : Ext2filt(E,E)⊗ I → Ext
2
filt(E,E(1)) ⊗ I.
But this map is surjective by the previous proposition.

Consider the two term filtered complex
θ∗ − θ
∗ : Hom(E(1),E)→ Hom(E,E)
concentrated in degrees -1 and 0. We will denote this complex by P (E, θ). We refer
the reader to [9] for a description of the groupoid Ext(P (E, θ),OX).
We may also view (E, θ) as a k-point of the stack Niln,X. We denote the associ-
ated tangent groupoid by TNiln,X(E, θ). It is a sub-groupoid of Niln,X(k[ǫ]).
Proposition 5.6. There is an equivalence Ext(P (E, θ),OX) ∼= TNiln,X(E, θ).
Proof. Wemodify the proof in [9, §10] for our needs. Observe that given an object of
the tangent groupoid we obtain a filtered extension, ie an element of Ext1filt(E,E).
The class vanishes under θ∗ − θ∗ and hence produces an object of the category
Ext(P (E, θ),OX). This extends to a fully faithful functor.
To see that it is essentially surjective we need to verify that a flat extension
amounts to an extension class over OX rather than OX[ǫ]. This is standard, see
[11, IV], particularly page 248. Note that in the notation of this work, in order for
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the lift to be flat we must have J = E and u = 1, this is the local criterion for
flatness. 
Theorem 5.7. The stack Niln,X is smooth over k. Its dimension at the K-valued
point given by a coherent sheaf E on XK and φ ∈ End(E) with φn = 0 is
dim(E,φ)(Niln,X) = (g − 1)
n∑
i=1
r2i +
n∑
i=1
∑
j
dimK Flag
n
(i)
j
(
Imφi−1
Imφi
|pj
)
,
where ri denotes the rank of the coherent sheaf Im(φ
i−1)/ Im(φi) and n
(i)
j the par-
abolic datum of Imφ
i−1
Imφi at pj.
Proof. By the above, we have that the dimension is given by χ(E,E)−χ(E,E(1)).
We may pass to associated graded objects as we are only interested in dimensions.
Further the cross terms cancel and we are reduced to 3.4. 
Lemma 5.8. Let C be the closure of a point by E in Bunr,d
n
, then
dimk C = trdegk(k(E)) − dimK End(E)
Proof. The stack Bunr,d
n
is locally a quotient stack as it is for ordinary vector bun-
dles. One way to prove this is to observe that the map forgetting the parabolic
structure is representable in flag varieities. Hence, we may assume C to be a quo-
tient stack [U/H ] for some scheme U and some algebraic group H . Let G →֒ C be
the residual gerbe. We have the following Cartesian square
R U
G C
H H
We have dimk(U) − dimk(C) = dimkH and dimk(G) R − dimk(G) G = dimkH .
Combining them with the equations dimk R = dimk U (since R is an open dense
subscheme of U) and dimk U = trdegk k(U) = trdegk(k(G)) + dimk(G) U we get the
required formula.

A parabolic vector bundle is said to be indecomposable if it cannot be written
as a non-trivial direct sum of parabolic vector bundles.
Remark 5.9. The category of parabolic vector bundles satisfies the bichain con-
ditions in [1]. In particular by Lemma 6 in loc. cit., every endomorphism of an
indecomposable bundle is either nilpotent or an automorphism.
Corollary 5.10. Assume that K is algebraically closed and that E be an indecom-
posable vector bundle with parabolic datum n on XK . Take φ to be a general element
φ of the Jacobson radical j(E). Let ri be the rank of Im(φ
i−1)/ Im(φi). Then
trdegk k(E) ≤ 1 + (g − 1)
∑
i
r2i +
∑
j
dimK Flagnj (E|pj )
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Proof. By the above remark we have EndX(E)/j(E) = K, notice that K is alge-
braically closed.
Let C be the closure of a point given by E in CohXK . By the previous lemma,
5.6,
dimk C = trdegk k(E) − dimK EndX(E)
We can find a natural number so that (j(E))n = 0. Let N ⊂ Niln,X be the closure
of the points (E, φ) with φ ∈ j(E) such that each of the sheaves Im(φi−1)/ Im(φi)
has rank ri.
There is a forgetful morphism N → C whose generic fiber an open dense sub-
scheme of j(E). So we have,
dimkN ≥ dimk C + dimK j(E) = dimk C + dimK EndX(E)− 1 = trdegk k(E) − 1
From the previous theorem, 5.5, and [4, 11.1] we have,
trdegk k(E) ≤ 1 + (g − 1)
n∑
i=1
r2i +
∑
j
dimK Flagnj (E|pj )

Remark 5.11. We have that k(E) = k(E ⊗K L) for any field L ⊃ K.
Lemma 5.12. We assume that g(X) ≥ 2. Let E be a vector bundle of rank r,
degree d and parabolic datum n over XK. If E is not simple, in other words E has
an endomorphism that is not a scalar, then
trdegk(k(E)) ≤ (g − 1)(r
2 − r) + 2 +
∑
i
dimK Flagni(E|pi)
Proof. By the above remark we may assume K is algebraically closed. Hence by
Krull-Schmidt E can be written as a direct sum of indecomposable vector bundles
Eα over XK of rank rα ≥ 1 and parabolic data n
(α) = (n
(α)
1 . . .n
(α)
l ), where n
(α)
j is
the parabolic datum at the point pj . The above corollary says that
trdegk k(Eα) ≤ 1 + (g − 1)
∑
i
r2iα +
∑
j
dimK(Flag
n
(α)
j
(Eα|pj ))
for some integers riα ≥ 1 such that
∑
i riα = rα. We also have that∑
α
∑
j
dimK Flag
n
(α)
j
(Eα|pj ) ≤
∑
j
dimK Flagnj (E|pj ),
see [4, 11.1]. Using
trdegk k(E) ≤
∑
j
trdegk k(Ej)
we have
trdegk k(E) ≤
∑
j
1 + (g − 1)
∑
i,α
r2iα +
∑
j
dimK Flagnj (E|pj )
Note that the sum
∑
i,α riα = r has at least two terms, (cf [5, 6.5]). Hence
trdegk k(E) ≤ (g − 1)(r
2 − r) +
∑
j
dimK Flagnj (E|pj ) + 2− (g − 2)(r − 2)
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r ≥ 2 and g ≥ 2 implies (g − 2)(r − 2) ≥ 0. So,
trdegk k(E) ≤ (g − 1)(r
2 − r) +
∑
j
dimK Flagnj(E|pj ) + 2

6. Essential dimension on curves
In this setion X is a smooth projective, geometrically connected curve over k
with X(k) 6= ∅. We fix some closed points p1, . . . , pl with deg pi = fi. We will
consider vector bundles of rank r and degree d and ramification indices ei at each
pi. We fix parabolic data [r = ni0 ≥ ni1 ≥ . . . ≥ niei = 0] = ni at each pi. Let
n = ((p1,n1), . . . , (pl,nl) be the corresponding parabolic datum. The arguments
in this section are modeled by those in [5].
A parabolic vector bundle F on XK is said to be simple if End(F) = K. If F is
simple then the morphism from the residual gerbe to its moduli space
G(F)→ Spec(k(F))
is banded by Gm. As a generic parabolic bundle is simple this is in fact the generic
gerbe of the moduli stack. We wish to understand the index of this gerbe.
Proposition 6.1. In the above situation, set h = gcd(r, d, nij). Then h = ind(G(F))
where G(F) is the generic gerbe.
Proof. The index of this gerbe divides h = gcd(r, d, nij). To see this, we can
construct twisted sheaves of ranks r and nij on
Bunr,d
n
×X
and then pull them back to the gerbe using the fact that X(k) 6= ∅. By [14] we see
that the index divides r and the nij . We have another twisted sheaf obtained by
taking π∗ of a sufficiently ample twist of the universal bundle. Its rank is computed
by Riemann-Roch, see 3.2, and hence the index divides h.
Now choose a particular simple parabolic bundle F0. We can consider the moduli
stack of Bunr,d
n,det(F0)
of parabolic bundles where the underlying bundle has deter-
minant det(F). The stack Bunr,d
n
is a Grassman bundle over the moduli stack of
ordinary vector bundles and hence by [16, Theorem 6.1] and [2] the generic gerbe
of Bunr,d
n,det(F0)
has index h. As the index can only drop by base change, it follows
that our original gerbe had index h. In the case of a ground field of characteristic
0, one could apply the main theorem of [3]. 
Proposition 6.2. Let F be a simple parabolic vector bundle with rank r , degree d
and specified parabolic data. Then
edk F ≤ r
2(g − 1) + 1 +
l∑
i=1
fi dimk(pi) Flagni +
∑
p|h
pvp(h) − 1
and
edk,p F = r
2(g − 1) + 1 +
l∑
i=1
fi dimk(pi) Flagni +p
vp(h) − 1.
Proof. One combines the above proposition with 5.10 and 4.1. 
ESSENTIAL DIMENSION OF PARABOLIC BUNDLES 19
Theorem 6.3. Set h = gcd(r, d, nij). We have
edBunr,d
n
≤ r2(g − 1) + 1 +
l∑
i=1
fi dimk(pi) Flagni +
∑
p|h
pvp(h) − 1
and Further,
edpBun
r,d
n
= r2(g − 1) + 1 +
l∑
i=1
fi dimk(pi) Flagni +p
vp(h) − 1.
When the main conjecture of [10] holds for r then the first inequality is an equality.
Proof. Using 4.6 and its proof that
edk(F) F ≤ r − 1 edk(F),p F ≤ vp(r) − 1
for every parabolic bundle.
In the case where F is not simple we can combine this remark with 5.12 to obtain
the result inequalities in the assertions of the theorem.
The case of a simple bundle is the prior proposition.
The conjecture of [10] relates the essential dimension of a gerbe to its index so
that the equality is a consequence of 6.1. 
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